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Abstract. Let A = kQ/I be a Koszul algebra over a field k, where Q is a finite 
quiver. An algorithmic method for finding a minimal projective resolution 
F of the graded simple modules over A is given in [9]. This resolution is 
shown to have a "comultiplicative" structure in [7], and this is used to find a 
minimal projective resolution P of A over the enveloping algebra A e . Using 
these results we show that the multiplication in the Hochschild cohomology 
ring of A relative to the resolution P is given as a cup product and also provide 
a description of this product. This comultiplicative structure also yields the 
structure constants of the Koszul dual of A with respect to a canonical basis 
over k associated to the resolution F. The natural map from the Hochschild 
cohomology to the Koszul dual of A is shown to be surjective onto the graded 
centre of the Koszul dual. 



Introduction 

The aim of this paper is to show that the knowledge of a minimal projective 
resolution of the graded simple modules for a Koszul algebra over a field k not 
only provides a fc-basis for the Koszul dual with structure constants, but also gives 
a closed formula for the multiplication in the Hochschild cohomology ring. In 
a forthcoming paper [9] an algorithm will be presented for computing a minimal 
projective resolution of linear modules for a Koszul algebra, and thus making Koszul 
algebras more computationally accessible. 

A prime example of a Koszul algebra is a polynomial ring in a finite number 
of commuting variables. Its Koszul dual is the exterior algebra, which is a finite 
dimensional selfinjective algebra. Using techniques from representation theory of 
finite dimensional algebras and Koszul duality Martinez- Villa and Zacharia have 
obtained new results on the structure of locally free sheaves on projective space 
[13]. Polynomial rings are Artin-Schelter regular Koszul algebras and their Koszul 
duals are finite dimensional selfinjective algebras. More generally, this connection 
between representation theory of finite dimensional algebras and Artin-Schelter 
regular Koszul algebras allows one to apply the theory of support varieties for finite 
dimensional selfinjective algebras defined via the Hochschild cohomology ring (see 
[4, 16]). To apply the theory of support varieties some finiteness conditions must 
be satisfied. These conditions are related to the natural map from the Hochschild 
cohomology ring to the Koszul dual. The image of this map is characterized in 
Section 4 of this paper. 
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We now introduce notation we use throughout the paper and describe the results 
of the paper in more detail. Let Q be a finite quiver and k a field. We denote the 
ideal generated by the arrows in Q in the path algebra kQ by J. Let A = kQ/I 
be a Koszul algebra, where / is an ideal contained in J 2 . Set r = J/ 1. In [10] a 
method for constructing a minimal projective resolution of A/r as a right A-modulc 
was presented. If R — kQ, then this minimal right resolution of the degree zero 
part Ao of A can be given in terms of a filtration of right ideals 

• ■ ■ c ufe /ri? c nt^fr'R c ■ ■ ■ c ut flR c u% f?R = r 

in R. In [7] it is shown that there is a comultiplicative structure associated to the 
{/"}; in particular there exist c pq (n, i, r) in k such that 

t r tn-r 
p=0 g=0 

for all n > 1, all i in {0, 1, . . . , t n } and all r in {0, 1, . . . , n}. 

The paper begins with recalling a reduced bar resolution introduced in [2]. As 
in the standard setup [5], there is an associated cup product, which we show is 
the same as the Yoneda product in the Hochschild cohomology ring. This reduced 
bar resolution together with the comultiplicative structure is shown to provide a 
description of the multiplication in the Hochschild cohomology ring HH*(A) of A 
in Section 2. Recall that the enveloping algebra A e of A is given by A op ®fc A. 
In our description of the multiplicative structure of HH*(A), we use the minimal 
projective resolution of A as a right A e -module presented in [7]. 

Recall that an element x in kQ is called uniform if x is non-zero and there 
exist vertices u and v in Q such that x — uxv. If x is a uniform element with 
x = uxv with u and v vertices, then we write o(x) = u and t(x) = v. It was 
shown in [10] that the {/"} can be chosen to be uniform elements. The projective 
modules occurring in a minimal projective resolution of A over A e are given by 
P n = lT> Ao(/f ) ® k t(/f)A for n > (see [11]). In Section 2 the multiplicative 
structure of the Hochschild cohomology ring of a Koszul algebra A is shown to have 
the following description. 

Theorem. Suppose thatrj: P n — ► A and 9: P m — > A represent elements mHH*(A) 
and are given by r?(o(/f )®t(/f )) = \ for i = 0, 1, . . . , t n and 0(o(/?")®t(/?™)) = A- 
for i = 0, 1, . . . , t m . Then 

V * e(o(f?+ m ) ® t(/r+" 1 )) = £ £ c pq (n + m, i, n)X p X' q 

for i = 0, 1, . . . , t m+n , where r\ * 9 represents the product of i] and 9 in HH*(A). 

The multiplicative structure of the Hochschild cohomology ring is not known for 
most algebras, including Koszul algebras. One class of Koszul algebras for which 
the product is known is radical square zero algebras A = kQ/ J 2 with Q not an 
oriented cycle; then all products of elements in HH- 1 (A) are zero by [3]. Another 
class of Koszul algebras where the ring structure has been determined can be found 
in [1], where, for algebras in this class, HH*(A) is a finitely generated algebra. 

Since A is a Koszul algebra, its Koszul dual, -E'(A) = Ext^(A/t, A/r), is also a 
Koszul algebra. In Section 3 we show that the comultiplicative structure of the sets 
{/"} can be used to construct the structure constants of the Koszul dual of A for a 
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basis associated to the sets {/"}. In particular, given the sets {/"}, we construct 
a basis {/"} of E(A) so that the product is given by 

tm + n 

See Theorem 3.1 for details. 

There is a natural map (p\/t : HH*(A) — > E(A) whose image is contained in the 
graded centre of E(A). Recall that the graded centre Z gT (E(A)) is the subring of 
E(A) generated by all homogeneous elements z such that zy = (— l)\ z W y \yz for each 
homogeneous element y in E(A), where \x\ denotes the degree of a homogeneous 
element x. In Section 4 we apply the results of the previous sections to show that 
ifiA/t has image Z gr (E(A)). 

The paper ends with a number of examples illustrating our results. 

Throughout, we consider right modules unless otherwise explicitly stated. 

1. A REDUCED BAR RESOLUTION 

For this section we fix the following notation and assumptions. Let A be an 
algebra over a field k, and let a be an ideal in A. Set A = A/ a and assume that 
the natural algebra homomorphism A — > A is a split fc-algebra homomorphism. 
Finally, assume that A is a finite product of copies of k. For example, if A = kQ/I 
with / contained in J 2 and a = J/ 1, then A satisfies these conditions. 

In this section we recall a reduced bar resolution (B, d) of A introduced in [2]. 
If Ao = n^Li then we let {ei, . . . , e m } be a complete set of primitive orthogonal 
central idempotents of A . Define (B,d) by B n = A® A o(™+ 2 ), the (n + 2)-fold tensor 
product of A over A , and d n : B n — ► B n ~ x by 

n 

cP (A ® • • • ® A„+i) = E(~ 1 ) 4 ( A o ® • ■ • ® A 2 A l+ i ® • • • ® A„+i). 

i=0 

It is shown in [2, Lemma 1.1] that (B, d) is a projective A e -resolution of A. When 
Ao = k, this is the usual bar resolution. Note that if Ao = Jl"=i ^ f° r m > 1; then 
Ao is not central in general, so that A is not necessarily an algebra over Ao. 
For the bar resolution (B, d) there is a chain map A : B — > B ®a B given by 

n 

A(A ® • ■ • ® A„+i) = E( A ° ® • ■ • ® Ai ® 1) <8> (1 <8> A l+ i ® • • • ® A„+i) 

i=0 

(for example see [15, 1.2]). If 77 and in HH"(A) and HH rn (A), respectively, are 
represented by 77 : _B™ ^ A and 9 : B' m — > A, then the cup product ryUfl in HH" +m (A) 
is given by the following composition of maps 

B^B« A B ^> A® A A^A, 

where v. A ®a A — > A is the multiplication map. We see that the cup product is 

rj U 0((A O <S> • • • ® A„ +m+ i)) = rj(X Q ® • • • ® A n ® 1)0(1 ® A„+i ® • • • ® A n+m+ i). 

In [17] it is shown that any projective A e -resolution X of A gives rise to a "cup 
product", which coincides with the ordinary cup product. Let X be a projective 
A e -resolution of A. There exists a chain map D : X — > X ® a X lifting the identity, 
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which is unique up to homotopy. Siegel and Witherspoon define a cup product of 
two elements rj in HH"(A) and 9 in HH m (A) as above using the composition 

X^X» A X A A ® A A ^ A, 

and note that it is independent of the projective resolution X of A and the chain 
map D. In Section 2 we give an explicit formula for D for the minimal projective 
A e -resolution of A constructed here. 

In [5] it is shown that the cup product and the Yoncda product coincide. We 
give a proof of this below. Let rj * 9 denote the Yoncda product of r\ and 9 viewing 
HIT (A) as Ext^e (A, A). 

Proposition 1.1. Let n and 9 be in HH n (A) and HH m (A), respectively, and sup- 
pose that they are represented by rj: B n — > A and 9: B m — > A. Then 

7] * 9 = n U 9. 

In particular, the cup product and the Yoneda product on HH*(A) coincide. 

Proof. Let rj and 9 be in HH"(A) and HH m (A) respectively. Then 77 and 9 can be 
represented as A e -maps -q: B n — > A and 9: B m — > A. The Yoneda product rj * 9 
is given via constructing a lifting of 6 to a chain map 9 — {9 % }i : B — > B[n], where 
B[n] denotes the degree n shift of the complex B. Define 9 to be the composition 

B ^ B ® A B b ® A A[n] ^ B[n] 

It is clear from the definition of 9 that it is a morphism of complexes. Furthermore, 
direct computations shows that 9 is a lifting of 9 to a chain map. Immediately from 
the definition of 9 we infer that 

r)*9 = r]9 = r)is(M (g> 9) A 

= v{ri (g> A[n])(B <g> 6»)A = v(j] (g> 9)A 

= T](J9. 

□ 

2. The multiplicative structure of the Hochschild cohomology ring 

In this section the multiplicative structure of the Hochschild cohomology ring of 
a Koszul algebra, A = kQ/I, is found using the comultiplicative structure of a min- 
imal projective resolution of Ao as a right A-module as given in equation (1) in the 
introduction. More precisely, given two homogeneous elements in the Hochschild 
cohomology ring, we give a closed formula for their product as a map from the 
appropriate projective module in a projective resolution of A over A e to A. Note 
that this map may be non-zero, but represent zero in Hochschild cohomology, since 
the residue class of the map in Hochschild cohomology still needs to be computed 
(see Example 5.1). The crucial ingredient in the proof is the minimal projective 
resolution of A as a right A e -module constructed in [7] and the inclusion of this 
resolution into the reduced bar resolution. 

We begin by recalling definitions, notation, and results that we need in this 
section. In this section A = kQ/I denotes a Koszul algebra over some field k, 
where Q is a finite quiver and / C J 2 . Here J denotes the ideal in kQ generated 
by the arrows, and let A = A/ (J/ 1). If M is a fcQ-module and m is in M, then m 
denotes the natural residue class of m in M/MI. 
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In [7], it was shown that a minimal projective resolution (P, S) of A as a right 
A e -module can be constructed from knowledge of a minimal projective resolution 
of A over A as a right A-module. Since we need the results from [7] , we summarize 
them below. 

A minimal projective resolution (F, d) of Ao as a right A-module can be con- 
structed from a sequence of right ideals in R = kQ as follows: There exists a choice 
of integers t n in Z and of uniform elements {/"}*=() m R, f° r all " > 0, with 

• ■ ■ c ntof-R c tf-arr'R Q ■ ■ ■ Q HjLotffl c n> /°P = R 

such that F n = U? =0 f?R/ IIf =0 f?I for all n > and d n : F n -> P"" 1 is induced 
by the inclusion Hf =0 /f R ^ U^f^R (see [10]). We choose {/°}*L to be the 
set of the vertices in Q and {//}*Lo t° ^ e ^ ne se ^ °f the arrows m Q- Moreover 
is a minimal set of homogeneous generators of degree two for I. 

When we have a minimal projective resolution (F, d) of Ao as a right A-module 
obtained from a set {/"}, we simply say that the set {/"} defines a minimal 
projective resolution. 

It is shown in [7] that a minimal projective resolution (P, S) of A over A e is 
given by P n = n*^ Ao(/™) ® fc t(/f)A for n > 0, where the differential S n : P n -> 
P n ~ x is now described for n > 1: In [7] it was shown that the sets {/"} have a 
"comultiplicative structure"; namely, there are elements c pq (n,i,r) in k such that 

(i) /r^^c M ( Vl r)/;/;- r 

for all n > 1, all i in {0, 1, ... , t n } and all r in {0, 1, ... , n}. To simplify notation, 
we sometimes write for X)p=o Sg=o wnen the bounds of p and g are clear. 

For n > and i with '< i < t n define = (0, . . . , 0, o(/f ) ® fc t(/f), 0, . . . , 0) in 

S > 

z-th component 

P™. Then the differential (5™ : P" -> P"" 1 is given by 

S n (e?) = £ (X> PJ (rM, l)^"" 1 + (-l)«^ Cj? (n,i,n- l)^" 1 ^ 

j=0 \p=0 q=0 

for i = 0, 1, . . . , t n and n > 1, and <5° : II*!L Ae^ ®fc e^A — > A is the multiplication 
map. Note that Jf denotes the residue class of /J 1 in LT> /f P/ II^ /f 7. 

Recall that the reduced bar resolution (B, d) of A over A e from the previous 
section is given by B n = A® A o("+ 2 ) and the differential d n : B n — > P" -1 is given 

by 

<T(A ® Ai (g) ■ ■ ■ <g> A„+i) = 

n 

^(-1) J (A <g Ai <g • • • <g> A,_i <g A;A i+ i <g A l+2 (g • • • <g A„+i). 

i=0 

Define : B n -> P™" 1 by 

9i(A (g • • • <g A„ + i) = A ® • • • <g Ai_i <g AiA i+ i (g A i+2 <g • • • <g A n+ i 

for i = 0, 1, . . . ,n. Then d n = J27=o(- l Y d *- 

Identify Ao with the subalgebra of A generated by the vertices. View R as the 
tensor algebra T\ (V), where V is the Ao-bimodule generated by the arrows in Q. 
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Since A is a Koszul algebra, each /" is a linear combination of paths of length n. 
Hence each /" can be viewed uniquely as an clement in V® A " n for all n and i; see 
the definition of tpifj 1 ) in the proposition below. Now we show that this enables us 
to find a natural embedding of P as a subcomplex of B. 

Proposition 2.1. Define fj, n : P n — > B n by 

Mn(£?) = 1 ®A ®A 1 

w/iere 

Then {/i n }„>o is a ckifi map from (P, <5) to (B,c?). 

Pnoo/. If /f - X P , g c pg (rz, i, r)/;/ g "" r , then ^(/f ) = £ p g c P9 (n, i, r)^(f;)^(f^). 
We have that 

P,9 

= e^k^/^e - r, g ,2)/ P v 9 r r " 2 ) 

P,9 P',9' 

for any r with < r < n. It follows from this that 

drUntf) = E c P9 (", i, r) (g) V(/ P r ) ® (E c pv(™ - r, q, 2)J* ® ^r r ~ 2 )) ® 1 

p,q p',q' 

whenever n > 2 and < r < n — 2. We see that d r fj, n (ef) is zero since ff r is in the 
ideal I for all p'. We infer from this that 

- E c ^ *< ® w 1 ) ® 1 

P,9 

+ (-1)" e c p'i' *, « - 1) ® w 1 ) ® ^ 

P',9' 

and consequently that G?™/i n = ji n -i8 n . This shows that the chain map {fi n }n>o 
defines (P, S) as a subcomplex of the reduced bar resolution (B, d) from the previous 
section. □ 

A projective resolution of A over A e different from the bar resolution was first de- 
scribed for a Koszul algebra A in [14, Section 3.7] (choose R = L = A in K* (R, A, L) 
in the notation of [14]). Furthermore, an embedding of this resolution into the bar 
resolution is given in [14, Proposition 3.9]. 

Given two homogeneous elements 77 and 9 in the cohomology of HomA= (B, A) 
their product 77 * 9 in HH* (A) is given as the composition of the maps 

B^B« A B ^ A® A A^A. 

Let \i : P — > B be the inclusion found above, and let 7r : B — > P be a chain map such 
that tt/j, = idp. 

Suppose that the image A(/iP) is contained in /zPfgJA/jP C B(§)aB. In that case, 
A induces a map P — + P ®a P that we denote by A'. In particular A/i = (/z ® fj,)A'. 
By the results from [17] mentioned prior to Proposition 1.1, the cup product defined 
by A' gives the multiplication in HIT (A). 
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Next we show that this is indeed the case; that is, A(/xP) is contained in 
To this end define A' : P -> P ® A P by 

n t r t n -r 

A '( £ ") = E E E ^fa r )4 ®a e r r - 

r=0p=0 9=0 

Proposition 2.2. Lef A and A' be as above. Then 

A/i = {fj, O /u)A' 
Proof. Let s r : B — > B ® A B be given by 

s r (A <8> - - - <S> A„+i) = (A ® • • • ® A r <g> 1) ®a (1 ® A r+ i <g> • • • <g> A n+ i) 
for r = 0, 1, . . . , n. Then we have that A = J27=o Sr - Furthermore, 

«r(/in(e?)) = ^(c pg (n,z,r) ® V(/ P r ) ® 1) ®A ® X ) 

P>9 

= E^P?^' r )^( £ p) ^ M«-r(e^ r ) 
P>9 

= (^ r ® ( Un-r)A'(en. 

Since A = X)r=o s ''' we have that A/x„(e™) = (/j ® /x)A'(e™). Hence the claim 
follows. □ 

Combining the results above we obtain our result on the multiplicative structure 
for the Hochschild cohomology ring of a Koszul algebra. 

Theorem 2.3. Let A = kQ/I with I C J 2 be a Koszul algebra over a field k, where 
Q is a finite quiver. Suppose that r\ : P™ — > A and : P m — > A represent elements 
in HH*(A) and £/ia£ i/iey are given by ?7(e") = A, for i = 0, 1, . . . , t n and #(e™) = A- 
for i = 0, 1, . . . , t m . Then 

t„ t m 

(n * 6)(eT +n ) -EE c v^ n + m ' n ) X vK 
/or a/Z i = 0,1,. . .,t m +n- 

Proof. By Proposition 1.1, we have that n * 9 = nli 9. Using the results from [17] 
reviewed prior to Proposition 1.1 we infer that 

n * 0(e™ +n ) = 1/(17 ® 0)A'( £ ™+") 

n+m 
r— 

= E °pi( n + m ' *' ^m^mc) 

P>9 

p,<? 

This completes the proof of the theorem. □ 
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3. Structure constants for the Koszul dual 

In this section we give a second application of the comultiplication formula (1). 
We show that, for a Koszul algebra A = kQ/I, equation (1) gives the structure 
constants for a basis for the Koszul dual of A. Of course the Koszul dual can 
immediately be given by generators and relations. But for computational purposes, 
it is sometimes important to find a fc-basis and the structure constants for that basis. 

Suppose that the sets {/"} define a minimal projective resolution (F, e) of A/r 
as a right A-module. Note that F n = U^ f n R/ n*^ /"/. Define f?: F n -> A/r 
for * = 0, 1, . . . ,t n by f?(ff) = %t(/f ) for all j = 0,1,..., t n . Since (F, e) is a 

minimal projective resolution, it is immediate that the elements {/™}*IL form a 
basis for Ext^(A/r, A/r) as a vector space over k. The goal of this section is to 
find the structure constants for this particular fc-basis for the Koszul dual of A. We 
note that A is given by generators and relations, whereas the multiplication in the 
Koszul dual is given by structure constants. Since A is the Koszul dual of its Koszul 
dual, we may construct the set {/"} for the Koszul dual and then the results here 
can be applied to find a /c-basis of A and its structure constants. 

Theorem 3.1. Let A = kQ/I be a Koszul algebra over some field k, where Q is 
a finite quiver and I C J 2 . Denote by {/™}*^ elements in kQ defining a min- 
imal projective resolution (F, e) of A/r as a right module over A. Let the ele- 
ments ft: F n - A/r for i = 0, 1, . . . , t n be given by f?(ff) = %t(/f), for all 
j = 0, 1, . . . , t n . The set {/™}*!1 represents a k-basis o/Ext^(A/r, A/r). 

Then the product f™f" in Ext^(A/r, A/r) of the two elements f™ and /j 1 in 
degree m and n in Ext^(A/r, A/r), respectively, is given by 

f?fj = E c Jt (m + n,l,n)fr+ n . 

1=0 

Proof. A lifting of the map /": F" ^ A/r to a map go - F n — > F° is given by 
9o{f?) — ^tt(/")- We want to find a lifting of 50 to a chain map ¥[n] — > F, where 
¥[i] denotes the i-th shift of the complex F. Define g r : F n+r — > F r by letting 

t r 

9r(ff^) = Y,r q c jq {n + r,i,n) 

q=0 

for i = 0, 1, . . . , t n+r . Then it is clear that goe n+1 — e 1 gi. To show that g r e n+r+1 = 
e r+1 g r+ i for r > 1 consider the following equalities: 

fi +r+1 = E E fp +r fl c v^ + r + l,l,n + r) 

p=0 q=0 

t n +r ti t n t r 

= E E E E fxfyfq c ^y( n + n)c Pg {n + r + l,l,n + r) 

p=0 q=0 x=0 y=0 



MULTIPLICATIVE STRUCTURES FOR KOSZUL ALGEBRAS 



9 



and 

f n +r+ i = J- £ f x \r v + l c xv (n + r + l,l,n) 

x=0 v=0 

tn *r+l t r tl 

x=0 v=0 j/=0 g=0 

Since X)L=o fx^ ^ s a direct sum, for x = j, we have that 

t„ +r ti t r 

HX! X! fyfq c iy( n + r 'P' n ) c p-j( n + r + 1, /, n + r) = 

p=0 9=0 j/=0 

*r+l t r tl 

E E E fyfl c M n + r + l,l, n)c yq (r + 1, u, r) 

v=0 y=0 q=0 

as elements in Uy =0 fyR. Taking these equalities in U y r =0 fyR/ U y r =0 f£I, the 

left hand side of this equality is g r e n+r+1 (/" +r+1 ) and the right hand side is 

e r+ V+i(/ ; " +r+1 ) for all / = 0, 1, ... , t n+r +i, hence 5r e"+ r+1 = e r+1 g r+1 . We have 

that fT»f? = f™g m , so that frff = El=o n c Ji( m + n > I, n)?r +n - This completes 
the proof. □ 



4. The graded centre and Hochschild cohomology 

For a finite dimensional algebra or graded algebra A = kQ/I the image of the 
natural map (p\/ t : HH*(A) — ► Ext A (A/t, A/r) = E(A) is shown to be contained in 
the graded centre Z gr (E(A)) in [16]. Here ipA/ t is induced from A/t®A — : (P, 6) — > 
(A/t(8>AP, 1<8>5). It was independently observed by Buchweitz and Green-Snashall- 
Solberg that when A is a Koszul algebra, the image is in fact equal to Z gI (E(A)). 
This was obtained by Buchweitz as a part of a more general isomorphism between 
the Hochschild cohomology ring of A and the graded Hochschild cohomology ring 
of the Koszul dual. This isomorphism has since been generalized by Keller [12]. We 
note that the image of <f\/ t is in general strictly contained in Z gI (E(A)), see [8, 
Example 7.6]. In this section we give an elementary proof of the fact that the image 
is Z gr (E(A)) for a Koszul algebra A using the results from the previous sections. 

Theorem 4.1. Let A = kQ/I be a Koszul algebra. The image of the natural map 
ipA/t- HH*(A) -> E(A) is the graded centre Z gI (E(A)). 

Proof. We keep the notation developed in the previous sections. Let z — X)*=o a iPi 
with Q.i in k. Since A is a Koszul algebra, E(A) is generated in degrees and 1. 
Hence z is in Z gT (E(A)) if and only if (A) fjz = (-l) n zfj for all j = 0, 1, . . . ,h 

and (B) ffz — zff for all I = 0, 1, . . . , to- Using the structure constants found in 
Theorem 3.1, we have that 

t n t„ t n +l 

fjz = J2 = «i E c *> + ^ n ^i +1 

i=0 i=0 1=0 
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and 

t„ t„ tn + l 

*?i = E a ^ n £ = E ^ E + *> ^ 

j=o i=o i=a 

Suppose that z is in Z gr (.E(A)). Then the condition (B) above implies that o(/™) = 
t(/™) for all i such that Qj 7^ and 

t n t„ 
y^QiCij(n+ l,Z,n) = (-l)"y^ajCji(n+ 1,Z, 1). 

i=0 i=0 

Define 77: P" A by letting rj(e?) = a 4 t(/f ) for i = 0, 1, . . . , i n . Then 
t„ ti t„ ti 

^+i (e n+i) = £ g c ..(„ + i, i)/T ai + J2 E + 1, 1, n)T q ai 

i=0 j=0 »=0 <j=0 

*i tn 

= E EM" + !' J . !) + (- 1 ) n+1 Cij(« + !. 
= 0. 

for all Z = 0, 1, ... , t n +i and j = 0, 1, . . . , t\. The last equality follows since z is in 
Z gr (E(A)). Hence r\ is in HH™(A), and <p\/ t (rf) — z - This completes the proof. □ 

In [16] it is conjectured that, if A is a finite dimensional algebra over a field 
k, then the Hochschild cohomology ring of A modulo the ideal generated by the 
homogeneous nilpotent elements is a finitely generated commutative algebra over 
k. As a consequence of the previous result, for a finite dimensional Koszul algebra 
A, the conjecture is equivalent to the conjecture that Z gI (E(A)), modulo the ideal 
generated by homogeneous nilpotent elements, is a finitely generated algebra over k. 
This can be seen by noting that the kernel of f\/t is contained in the ideal generated 
by homogeneous nilpotent elements [16]. We apply these ideas in Example 5.3. 



5. Examples 

Example 5.1. This example shows that the multiplication formula in Theorem 
2.3 only gives a representative of a product in Hochschild cohomology as a map 
from the appropriate projective to the Koszul algebra. Thus, for example, to find 
if two products are equal, the residue classes must be computed. 

Let A = k(x, y)/(x 2 , xy + yx) for a field k of characteristic different from 2. 
Since {x 2 ,xy + yx} is a quadratic Grobncr basis for the ideal generated by the 
relations under the length lexicographic order with x > y > 1, the algebra A is 
Koszul [6]. In this example to = 0, and t n = 1 for all n > 1. We have that /q = 1, 
and = x n and /f = £ a , h > x a yx b for n > 1. Set = 0. For n > 1 and 

a -\-b=n— 1 

r with < r < n, we see that / ™ = /oX ~ r and that /f = fSf"~ r + f{f£ ~ r . 
Hence, Coo(n, 0, r) = c i(n, l,r) = Cio(n, l,r) = 1 and all other c pq (n,i,r) = 0. 
In particular, Coi(2, 1,1) = cio(2, 1,1) = 1. Let (P, S) be the minimal projective 
resolution of A as a right A e -module described in Section 2. Then P 1 = e\A e Me\A e . 

Define 77: P 1 -> A by ?7(4) = S * " ° , and : P 1 ^ A by 77(4) = J °' * = °. 

The reader may check that both 77 and 9 represent non-zero elements in Hochschild 
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cohomology. On the other hand, the map rj * 9 is non-zero, but represents zero in 
HH 2 (A). 

Example 5.2. Let Q be a finite quiver, which is not an oriented cycle. Recall 
that J denotes the ideal of kQ generated by the arrows of Q. Let A = kQ/J 2 , 
which is a Koszul algebra. Then t n + 1 is the number of paths of length n for all 
n > 0, and we choose the set {/j"}*^ to be the set of all paths of length n in 
some order. Given n and r with < r < n, and i with < i < t n , there exist 
unique j and / with < j < t r and < I < t n - r such that /" = /J/" _r - Hence 

. . I 1, if p = j and q = I ... , , , , 

c pq {n,i,r) — < .A classic result states that the Koszul dual 

10, otherwise 

of A is kQ op , where Q op is the opposite quiver of Q. If we write /" = • • • fj n as a 

product of arrows, then by Theorem 3.1 the element /" = fj n ■ ■ ■ and therefore 
the Koszul dual of A is isomorphic to kQ op . 

For a discussion of the Hochschild cohomology ring of A we refer to [8, Lemma 
7.4] and the remarks following it or to [3]. 

Example 5.3. Let A = k(x, y, z)/{x 2 1 y 2 , z 2 , xy + ayx, xz + bzx, yz + czy) be the 
quantum exterior algebra over a field k with a, b and c non-zero elements in k. 
This algebra is easily seen to be selfinjective of dimension 8 over k. In the length 
lexicographic order with x > y > z > 1, the set {x 2 , y 2 , z 2 , xy + ayx, xz + bzx, yz + 
czy} is a quadratic Grobner basis for the ideal it generates, and hence A is a Koszul 
algebra [6]. The Koszul dual of A is quantum 3-space, R = k(x, y, x) / (yx—axy, zx~ 
bxz, zy — cyz). Note that R is Artin-Schelter regular of global dimension 3. 

The Hochschild cohomology ring of the algebra S = k(x,y) / (x 2 , xy + qyx,y 2 ) 
for q in k was studied in detail in [1]. In that paper it was shown that when q is not 
a root of unity, then the Hochschild cohomology groups HH n (E) vanish for n > 3. 
In this example we show that a similar phenomena occurs for A. In particular, for 
certain values of a, b, and c, we show that HH"(A) vanishes for n > 4. 

For ease of notation, we triply index the set {/"} as the set {f™ vw }, where 
u + v + w = n. A choice of the elements {/"„ „,} defining a minimal resolution 
of A/r as a right A-module can be given inductively as follows: /q 00 = 1 and for 
non-negative integers u, v, and w with u + v + w = n, 

tn _ n v h w en-1 , w rn-1 , p-1 

Ju,v,w " " J u — l,v,w L ' ~ L J u,v — l,wii ~ Ju,v,w — 1* 

with the requirement that fH hViW = f",-i, w = /",„,_ i = and that f£ v w = for 
u + v + w > n. The reader may check that for each n, the number of /"„ ^'s is 

r: 2 )- 

Let (P, (5) be the minimal projective A e -resolution of A defined in Section 2. 
To compute the Hochschild cohomology groups, we compute the dimension of the 
image of the map 

(S n )* = Hom A e (S n ,A) : Hom A e (P™" 1 , A) -» Hom A e (P n , A). 

One finds that the dimension of Im(S n )* is given by 2n 2 + 4n + 1 when n > 3 if, 
for example, a, b and c are algebraically independent elements of k. This implies 
that the Hochschild cohomology groups HH n (A) vanish for n > 4, when a, b and c 
are algebraically independent elements of k. 

In the case when a, b and c are algebraically independent, it is easy to see that 
Z gr (E(A)) is just k. On the other hand when the characteristic of k is not two, 
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and if a = b = 1 and c is not a root of unity, then we see that Z gr (E(A)) = k[x 2 ] 
in E(A). If c is a primitive m-th root of unity, then Z gI (E(A)) = k[x 2 ,y m ,z m ] 
in E(A). By the result of Section 4, we see that the non-nilpotent elements of 
Z gI (E(A)) correspond to non-nilpotent elements of HH*(A). Hence the Hochschild 
cohomology groups HH"(A) are non-zero in all even degrees for these choices of a, 
b, and c. 

We leave it to the reader to check that 

fn _ rn-l , u fn-1 , iu v r n- 1 
Ju,v,w U/ Ju—l,v,w'"' yJu,v — l,t' u u ^Ju,v,w — 1' 

Furthermore, for r with < r < n, 

s—t) r (v—t)(r—s—t)£r rn — r 

J s,t,r—s—tJ u—s,v—t,w-\-s-\-t—ri 

where a = max{0, u + r — n} and [3 = max{0, v + r — n}. This formula yields 
the elements c pq (n,i,r), and hence gives the structure constants for the basis of 
the Koszul dual associated to the elements f™ v w : s and a closed formula for the 
multiplication in the Hochschild cohomology ring of A. 

References 

[1] Buchweitz, R.-O., Green, E. L., Madsen, D., Solberg, 0., Finite Hochschild cohomology 
without finite global dimension, Math. Res. Lett., to appear. 

[2] Cibils, C, Cohomology of incidence algebras and simplicial complexes, J. Pure Appl. Algebra 
56 (1989), no. 3, 221-232. 

[3] Cibils, C, Hochschild cohomology algebra of radical square zero algebras, Algebras and mod- 
ules II (Gciranger, 1996), 93-101, CMS Conf. Proa, 24, Amcr. Math. Soc, Providence, RI, 
1998. 

[4] Erdmann, K., Holloway, M., Snashall, N., Solberg, 0., Taillefer, R., Support varieties for 

selfinjective algebras, K-Theory, vol. 33, no. 1 (2004), 67—87. 
[5] Gerstcnhabcr, M., A uniform cohomology theory for algebras, Proc. Nat. Acad. Sci. U.S.A. 

51 (1964), 626-629. 

[6] Green, E. L., Huang, R. Q., Projective resolutions of straightening closed algebras generated 

by minors, Adv. Math. 110 (1995), no. 2, 314-333. 
[7] Green, E. L., Hartman, G., Marcos, E. N., Solberg, 0., Resolutions over Koszul algebras, 

Archiv der Mathcmatik, to appear. 
[8] Green, E. L., Snashall, N., Solberg, 0., The Hochschild cohomology ring modulo nilpotence 

of a monomial algebra, J. Algebra and its applications, to appear. 
[9] Green, E. L., Solberg, 0.. An algorithmic approach to resolutions, to appear. 
[10] Green, E. L., Solberg, 0., Zacharia, D., Minimal projective resolutions, Trans. Amer. Math. 

Soc, 353 (2001), 2915-2939. 
[11] Happcl, D., Hochschild cohomology of finite- dimensional algebras, Seminaire d'Algebre Paul 
Dubreil ct Marie-Paul Malliavin, 39cmc Annec (Paris, 1987/1988), 108-126, Lecture Notes 
in Math., 1404, Springer, Berlin, 1989. 
[12] Keller, B., Derived invariance of higher structures on the Hochschild complex, preprint. 
[13] Martinez- Villa, R., Zacharia, D., Auslander- Reiten sequences, locally free sheaves and 

Chebysheff polynomials, Compos. Math., to appear. 
[14] Priddy, S. B., Koszul resolutions, Trans. Amer. Math. Soc, 152 (1970), 39-60. 
[15] Sanada, K., On the Hochschild cohomology of crossed products, Comm. Algebra 21 (1993), 
no. 8, 2727-2748. 

[16] Snashall, N., Solberg, 0., Support varieties and Hochschild cohomology rings, Proc. London 

Math. Soc, (3) 88 (2004), no. 3, 705-732. 
[17] Siegel, S. F., Witherspoon, S. J., The Hochschild cohomology ring of a group algebra, Proc. 

London Math. Soc. (3) 79 (1999), no. 1, 131-157. 



min{ti,r} min{v,r} 

fu,v, w = E E a^- s H^ r - 

s=a t=3 
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